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We have investigated the electronic states of CeB6 and have directly calculated the RKKY interaction on the basis of
the 74-orbital effective Wannier model which includes 14 Ce- f orbitals and 60 conduction (c) orbitals of Ce-d, s and
B-p, s derived from the density-functional theory bandstructure calculation. By using not only the c-band dispersion but
also the f -c mixing matrix elements of the Wannier model, the realistic couplings for all 15 active multipole moments in
Γ8 quartet subspace are obtained in the wavevector q-space and real-space. Both of the Γ5g quadrupoles (Oyz,Ozx,Oxy)
and the Γ2u octupole Txyz couplings are maximally enhanced with q = (pi, pi, pi) which naturally explains the phase II of
the antiferro-quadrupolar ordering at TQ = 3.2 K, and are also enhanced with q = (0, 0, 0) corresponding to the elastic
softening of C44. Also the couplings of the Γ5u octupoles T
β
x , T
β
y and T
β
z are quite large for q = (pi, 0, 0), (0, pi, 0) and
(0, 0, pi), which yields the antiferro-octupolar ordering of a possible candidate for phase IV of CexLa1−xB6. The intersite
vector dependence of the RKKY couplings exhibit different long-range, oscillating, isotropic and anisotropic behaviors
depending on the types of the multipole moments. The present approach enables us to provide the information about the
possible multipole ordering in an unbiased way and is easily available for other localized f electron materials once the
c states and f -c mixing elements are given from the bandstructure calculation.
1. Introduction
CeB6 has been known as a typical and remarkable com-
pound exhibiting a rich phase diagram of the multipole order-
ings1–4) and extensively studied experimentally4–31) and theo-
retically.32–41) Due to the large spin-orbit coupling (SOC) and
the cubic crystalline electric field (CEF), the ground state of
4 f 1 in Ce3+ ion is the Γ8 quartet separated from the excited
Γ7 doublet by 540 K,8) and has a inherently the degrees of
freedom of 15 active multipole moments as shown in Table I.
Up to now, three phases exist in temperature T and exter-
nal magnetic field H plane of CeB6. Normal phase (phase I)
from a room temperature down to a few K with H = 0 is a
typical Kondo lattice metal with a highly-enhanced specific-
heat coefficient9, 10) C/T = 250 mJ/mol·K2. With decreasing
T , phase II emerges at a critical temperature TQ = 3.2 K with
the ordering wavevector q = (pi, pi, pi) and is confirmed by the
antiferro-quadrupolar (AFQ) ordering of the Γ5g quadrupoles
(Oyz,Ozx,Oxy). The ordering tendency of the Γ5g quadrupole
moment is supported from the elastic-softening of C44 at low
IRR [dimension] vector pseudospin multipole
Γ2u [1] ξ τy 29√5 Txyz
Γ3g [2] τ ′ (τz, τx) 14 (Ou,Ov)
Γ5g [3] µ (τyσx, τyσy, τyσz) (Oyz,Ozx,Oxy)
Γ
(1)
4u [3] σ (σ
x, σy, σz) 1415J − 445T α
Γ
(2)
4u [3] η (η
+σx, η−σy, τzσz) − 215J + 745T α
Γ5u [3] ζ (ζ+σx, ζ−σy, τxσz) 13√5T
β
Table I. The irreducible representations (IRRs) and notations for the active
multipole moments in Γ8 subspace3) where J (T α,β) is the dipole (octupole),
J = (Jx, Jy, Jz), T α(β) = (T
α(β)
x ,T
α(β)
y ,T
α(β)
z ), η± = −(τz ∓
√
3τx)/2, ζ± =
− 12 (τx ±
√
3τz), and g (u) means even (odd) time-reversal symmetry. In this
paper we call 2
9
√
5
Txyz, 14 (Ou,Ov) and
1
3
√
5
T β just as Txyz, (Ou,Ov) and T β,
but all the multipole operators are normalized.
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temperature.15–18) Interestingly, TQ increases with increasing
the applied field H, where the Γ2u octupole Txyz moment is
induced by H in addition to the Γ5g quadrupoles, which is
well understood by the analysis of NMR.21) The phase III
is a antiferro-magnetic (AFM) ordering of Γ4u magnetic mo-
ments (σx, σy, σz) at TN = 2.3 K with the double-q-structure
ofQ1 = ( pi2 ,
pi
2 , 0) andQ2 = (
pi
2 ,
pi
2 , pi).
4 f electron state of CeB6 is believed to be almost localized
in Ce3+-ion from the several experiments of the magnetic and
transport properties. More directly, the Fermi-surface (FS)
has been observed in the de Haas-van Alphen (dHvA) exper-
iments,26, 27) the angle resolved photoemission spectroscopy
(ARPES)28–30) and the high-resolution photoemission tomog-
raphy.31) They has indicated an ellipsoidal FS centered at X
point in the Brillouin zone (BZ) which is almost the same as
that of LaB6 with the 4 f 0 state. Hence the 4 f state in CeB6 is
localized and hardly participates in the formation of FS.
In such a localized f electron picture, Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction42–44) plays an important
role for the multipole ordering where the intersite coupling
between the multipole moments of f electrons is mediated by
the itinerant c band electrons.45, 46) The RKKY model of CeB6
was proposed by Ohkawa32, 33) firstly, and later developed
by Shiina et al.,34, 35) where all 15 active multipole moments
had been taken into account in correct symmetry, and repro-
duced the experimental T -H phase diagram where only near-
est neighbor couplings and the largest Γ5g quadrupoles cou-
plings were assumed. This assumption was discussed from
the symmetry of the RKKY couplings,36, 37) but there was no
explicit calculation for the signs and values of the couplings,
and also no discussion about the long-range property of the
RKKY multipole coupling of CeB6. Later Sakurai et al.,38, 39)
studied the RKKY multipole couplings of CeB6 microscopi-
cally such as the effect of the f 0 and f 2 intermediate states,
c band number dependence and the ratio of the f -c mixing
elements described by the Slater-Koster (SK) parameters, but
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Fig. 1. (Color online) (a)-(d) DFT bandstructures with the DOS and FSs for CeB6 [(a), (b)] and LaB6 [(c), (d)] in the simple cubic BZ, where the high-
symmetry points are Γ[(0, 0, 0)], X[(pi, 0, 0)], M[(pi.pi, 0)] and R[(pi.pi, pi)]. (e), (f) The comparison between the 74-orbital effective Wannier model and DFT
bands of CeB6.
plausible ordering moment types and wavevectors could not
be obtained.
As is often discussed in the RKKY mechanism, the c band
states and their couplings with the f states in the realistic ma-
terials must be important for determining the ordering mo-
ment types and wavevectors. Therefore the microscopic de-
scription of the c band states and f -c mixing elements from
the realistic bandstructure calculation is needed, though such
studies are quite limited.47, 48) In these studies,47, 48) the c states
is described by the Wannier orbitals obtained from the band-
structure calculation but the f -c mixing elements using the
calculation of the RKKY coupling are treated by the SK pa-
rameters only with the nearest neighbor sites, where several
arbitrary parameters and assumptions are included. Hence
more decisive and widely-applicable approach reflecting the
individual material properties is highly desired.
In this paper, we study the electronic states of CeB6 and cal-
culate the RKKY interaction based on the 74-orbital effective
Wannier model derived from the bandstructure calculation di-
rectly. In Sec. 2, we calculate the bandstructures of CeB6 and
LaB6 and construct the effective Wannier model of CeB6, and
examine the quasi-particles states and their multipole fluctu-
ations based on the renormalized Wannier model in Sec. 3.
Next in Sec. 4, we formulate the present RKKY mechanism
based on the multi-orbital Kondo lattice model with both of
the Γ8 quartet and 60 c orbitals, and present the results of the
RKKY multipole couplings for all moments as functions of
the wavevector and intersite vectors. Finally we give the sum-
mary and discussion in Sec. 5.
2. Bandstructure calculation & Wannier model
2.1 DFT Bandstructure calculation of CeB6 & LaB6
First we calculate the electronic states of CeB6 and LaB6
by using the WIEN2k code,49–51) based on the framework
of the density-functional theory (DFT) with the generalized
gradient approximation (GGA).52) The SOC is fully included
within the second variation approximation. The crystallo-
graphical parameters are the space group Pm3¯m (No. 221),
the lattice constant a = 4.141Å and the internal coordinates
(x/a, y/b, z/c) = (0, 0, 0) for Ce and ( 12 ,
1
2 , u) for B with
u = (
√
2 − 1)/2 ∼ 0.2071.53) In self-consistent calculation,
we use 156 k-points in the irreducible part of the simple cubic
BZ, the muffin-tin radii RMT = 2.50 (1.62) a.u. for Ce (B) and
the plane-wave cuttoff of RMTKmax = 8. For the calculation
of LaB6, we use the same parameters of CeB6 but employ the
GGA+U method with U = 60 eV for La- f level so as to elim-
inate the f weights in the c bands, since we focus the pure c
band state of CeB6 not bulk property of LaB6.
The obtained bandstructures with the density-of-states
(DOSs) and FSs are shown in Fig.1 for CeB6 [(a) & (b)] and
LaB6 [(c) & (d)]. In CeB6, the large f contribution due to the
14 f spin-orbital states around Fermi energy (EF) is observed
with the strong peak of DOS as shown in the right panel of
Fig. 1 (a). On the other hands in LaB6 the f states is absent in
the bandstructure and DOS [Fig. 1 (b)] as expected due to the
effect of the GGA+U. Except for the f band states, the global
bandstructures of CeB6 and LaB6 are closely resembled be-
low and above EF. The calculated FSs of CeB6 and LaB6 are
plotted in Figs. 1 (b) and (d), respectively. Three FSs are ob-
tained from the 21st, 23rd and 25th bands for CeB6 while for
LaB6 an ellipsoidal FS centered at X point slightly connected
each other is obtained from the 21th-band. Here we note that
all bands have two-folded degeneracy due to the time-reversal
symmetry and two additional bands (1st and 2nd bands) are
located in EF −15 eV (not shown) which are the lowest bands
in the Wannier model in next subsection.
2.2 Construction of Wannier model for CeB6
Next we construct the 74-orbital effective Wannier model
based on the maximally localized Wannier functions (ML-
WFs) method54–58) from the DFT bandstructure of CeB6,
where we prepare 14 f -states from Ce- f (7 orbital × 2 spin)
and 60 c-states from Ce-d (5 orbital × 2 spin), Ce-s (1 orbital
× 2 spin), B-p (6 site × 3 orbital × 2 spin) and B-s (6 site
× 1 orbital × 2 spin) as basis functions, and set considerably
2
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wide energy window in order to ensure the good localization
of Wannier orbitals in the disentanglement procedure. The ob-
tained bandstructure of the Wannier model is plotted in Figs.
1 (e) and (f) together with the DFT bandstructure of CeB6
(black), where the Wannier model is well reproduced the DFT
bandstructure upto EF + 4 eV and the shapes of the Wannier
orbitals are similar to the atomic-orbitals significantly.
The obtained model can be written by the following tight-
binding (TB) Hamiltonian as,
HTB =
∑
i j
∑
mm′
h f fim, jm′ f
†
im f jm′ +
∑
i j
∑
``′
hcci`, j`′c
†
i`c j`′
+
∑
i j
∑
m`
(
Vim, j` f
†
imc j` + h.c.
)
, (1)
where f †im (c
†
i`) is a creation operator for a f (c) electron with
unit-cell i and 14 (60) spin-orbital states m (`). Here 14 f
states of m are represented by the CEF eigenstates as Γ8 quar-
tet and Γ7 doublet with the total angular momentum J = 5/2,
and Γ6, Γ7 doublets and Γ8 quartet with J = 7/2. The f - f (c-
c) matrix element of h f fim, jm′ (h
cc
i`, j`′ ) includes the f (c) energy
levels, SOC couplings, CEF splittings and f - f (c-c) hopping
integrals, and Vim, j` is the f -c mixing element which is finite
only for the intersite terms due to the inversion symmetry. The
wavevector k-representation of HTB is given by,
HTB =
∑
k
∑
mm′
h f fmm′ (k) f
†
km fkm′ +
∑
k
∑
``′
hcc``′ (k)c
†
k`
ck`′
+
∑
k
∑
m`
(
Vkm` f
†
kmck` + h.c.
)
=
∑
ks
εksa
†
ksaks, (2)
where εks is the eigenenergy with k and band-index s and a
†
ks
is a creation operator for a electron with k, s, which is trans-
formed into m and ` states as aks =
∑
m
uksm fkm +
∑
`
uks`ck`
where uksm (uks`) is the eigenvector component of m (`) state.
Several atomic parameters are obtained from the Wannier
model, such as the SOC splitting for Ce-4 f between J = 5/2
and J = 7/2 states ∆SOC = 0.33 eV close to the experimental
value of 3000 K, the atomic CEF splitting between Γ8 and Γ7,
∆CEF = 8.2 meV which is smaller than the experimental value
of 540 K (=46 meV). The f (c) electron number per unit-
cell is n f = 1.24 (nc = 20.86) and the total number is ntot =
22. All the f electron number for each CEF state becomes
finite where n f (Γ8) = 0.634 and n f (Γ7) = 0.205 for J = 5/2
and n f (Γ6) = 0.098, n f (Γ7) = 0.088, and n f (Γ8) = 0.216 for
J = 7/2, due to the considerable f - f hopping and f -c mixing,
which is indispensable within the DFT-based calculation.
3. Quasi-particle band states & Multipole fluctuations
3.1 Renormalized tight-binding model
As mentioned in Sec. 2, the f electron state obtained here
is fully itinerant and differs from the expected situation in the
real material as n f (Γ8) ∼ 1. In this section, we examine the
change of the electronic states and its multipole fluctuations
from the itinerant f band state to the localized f state when
n f (Γ8) = 1 in the realistic CeB6 bandstructures. For this pur-
pose, we introduce a renormalization factor Z fm, which is ex-
plicitly derived from the Fermi-liquid (FL) theory,59) where
the many-body correlation effect of the local f - f Coulomb in-
teraction is introduced through the self-energy Σ fm(k, ε) which
is almost local Σ fm(k, ε) = Σ
f
m(ε) and can be expanded around
Fig. 2. (Color online) (a), (b): Z f -dependence of (a) the f electron number
of each f CEF state when h = 0 eV; and (b) the f electron magnetizations of
total, spin, orbital and total angular momentum of J = 5/2, mtot, mspin, morb
and m jz with finite magnetic field h = 0.004 eV.
ε = 0 by the following form,
Σ
f
m(ε) = ∆ε
f
m +
1 − 1
Z fm
 ε − iγmε2 + O(ε3), (3)
∆ε
f
m = ReΣ
f
m(0), Z
f
m =
(
1 − d
dε
ReΣ fm(ε)
∣∣∣∣
ε=0
)−1
, (4)
where Z fm corresponds to an inverse mass-enhancement m/m∗,
and ∆ε fm and γm are a shift of the f energy-level and a dump-
ing rate of the quasi-particles respectively. Hence in the itin-
erant quasi-particle picture, our original model of HTB is
renormalized by Z fm and ∆εm, yielding the renormalized tight-
binding model HRTB as explicitly given by,
HRTB =
∑
i j
∑
mm′
h˜ f fim, jm′ f
†
im f jm′ +
∑
i j
∑
``′
hcci`, j`′c
†
i`c j`′
+
∑
i j
∑
m`
(
V˜im, j` f
†
imc j` + h.c.
)
(5)
where the renormalized f - f ( f -c) matrix elements
h˜ f fim, jm′ (V˜im, j`) are written as,
h˜ f fim, jm′ =
 ε
f
m + ∆ε
f
m i = j, m = m′√
Z fmZ
f
m′h
f f
im, jm′ i , j
(6)
V˜im, j` =
√
Z fmVim, j` (7)
where ε fm is a f energy-level of the CEF state m, where
h f fim,im′ = 0 for m , m
′, and the m-dependence of Z fm and
∆ε
f
m are dropped for simplicity as Z
f
m = Z f and ∆ε
f
m = ∆ε f ,
where ∆ε f is set to ∆ε f = 0.27 eV so as to satisfy n f (Γ8) = 1
and nc = 21 at Z f = 0. Hence the f - f ( f -c) hopping ele-
ments are renormalized by Z f (
√
Z f ). Throughout the calcu-
lation, we determine a chemical potential µ so as to satisfy
ntot = n f + nc = 22 with 643 k-meshes in the entire BZ.
3
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3.2 Renormalized electronic states
Figure 2 (a) shows the Z f -dependence of f electron num-
ber per CEF eigenstates n f (Γ) with T = 0.002 eV, where
Γ = Γ
J=5/2
8 , Γ
J=5/2
7 Γ
J=7/2
6 , Γ
J=7/2
7 and Γ
J=7/2
8 , and Z f = 1
(Z f = 0) corresponds to the DFT-band (localized f ) limit.
With decreasing Z f , n f (Γ
J=5/2
8 ) increases and finally becomes
n f (ΓJ=5/28 ) = 1 when Z f = 0 while n
f (ΓJ=5/27 ) and all other
n f (ΓJ=7/2) decrease and reach zero at Z f = 0. The change
of n f (Γ) is rapidly for Z f <∼ 0.1 where the effective mass-
enhancement reaches m∗/m >∼ 10. The f electron magnetiza-
tion mtot = mspin + morb as a function of Z f is also plotted in
Fig. 2 (b) together with its spin, orbital and Jz-components
mspin, morb and m jz, respectively, where the magnetic field is
applied along the z-direction with h = µBH = 0.004 eV. The
Zeemann Hamiltonian is given by HZ = (σz + `z) h, and mspin
and morb are explicitly written as,
mspin = −µB 1N
∑
ks
∑
mm′
(σz)mm′ uksmu
∗
ksm′ f (εks) , (8)
morb = −µB 1N
∑
ks
∑
mm′
(`z)mm′ uksmu
∗
ksm′ f (εks) , (9)
where σz (`z) is a z-component of spin Pauli (orbital angular
momentum) matrix for m-basis and f (x) is the Fermi distri-
bution function f (x) =
1
eβ(x−µ) + 1
. With decreasing Z f , mtot
increases and finally reaches the saturated value of the Γ8
state as 1.5µB together with an opposite sign between morb
and mspin due to the SOC effect.
The T -dependence of the magnetization mtot and inverse
magnetization h/mtot for several values of Z f are plotted in
Figs. 2 (c) and (d) respectively. For Z f = 1 ∼ 0.3 the weak T -
dependence of mtot is observed as a Pauli paramagnetic behav-
ior of the itinerant f electron, while for Z f <∼ 0.1 mtot increases
with decreasing T , exhibiting the Curie paramagnetic behav-
ior of the localized f electron mtot/h ∼ 1/T , which is more
clearly observed in the inverse magnetization h/mtot with a
linear T -dependence. In such situations for Z f = 0.1 ∼ 0.01,
the electronic state is similar to the purely localized f elec-
tron state on a single Ce-ion usually analyzed in the exper-
iments. However in this study the f -c mixings are still finite
and the quasi-particle hybridization bands are formed with the
wide-bandwidth c band dispersion having the ellipsoidal FS
observed ARPES of CeB6.
Next we check such renormalized bandstructures for sev-
eral values of Z f as shown in Figs. 3 (a)-(d) together with
the DFT-bandstructure of CeB6 [Figs. 3 (a)-(c)] and the LaB6
GGA+U band without f weights [Fig. 3 (d)]. From Z f = 0.5
[Fig. 3 (a)] to Z f = 0.1 [Fig. 3 (b)], the whole bandstruc-
tures are still close to the DFT-band of CeB6 but their f band-
widths become narrow gradually, exhibiting a separation be-
tween the lower J = 5/2 bands and higher J = 7/2 bands.
In Fig. 3 (d) with Z f = 0.01 corresponding to m∗/m ∼ 100,
the almost flatted J = 7/2 bands, and Γ7 and Γ8 bands of
J = 5/2 are clearly observed around EF, and they slightly hy-
bridize with the wide-bandwidth c bands expanding from the
X point in the BZ. Interestingly, the c band dispersion with
Z f = 0.01 (red) is almost overlapping the LaB6 band with the
GGA+U (black) as shown in Fig. 3 (d) except for the highly-
flatted f bands, resulting in the formation of almost the same
FS of LaB6. Hence the c bands of CeB6 with almost localized
Fig. 3. (Color online) The change of the renormalized bandstructures (red
solid line) for (a) Z f = 0.5 , (b) Z f = 0.1 and (c) Z f = 0.01 together with the
DFT bandstructure of CeB6 (black dotted line). (d) A comparison between
the renormalized band Z f = 0.01 (red solid line) and the f -excluded band of
LaB6 by the GGA+U (blue broken line).
f electron state coincides that of LaB6 without the La- f con-
tribution, and then their FS is also almost the same as that of
LaB6 as shown in Fig. 1 (d). These results strongly support the
localized f electron picture for CeB6, and then the approach
based on the periodic Anderson model and its perturbation w.
r. t. the f -c mixing is expected to giving a good starting point
for treating this system.
3.3 Multipole fluctuations in the quasi-particle bands
Before going to the calculation of the RKKY interaction,
we examine the multipole fluctuations under the renormalized
f bands on CeB6 by calculating the multipole susceptibility
χOΓ (q) with the multipole operator OΓ shown in Table I and
the wavevector q which is given by,
χO
Γ
(q) =
∑
m1m2
∑
m3m4
OΓm1m2 O
Γ
m4m3χm1m2m3m4 (q), (10)
χm1m2m3m4 (q) =
1
N
∑
kss′
u∗ksm3 uksm1 u
∗
k+qs′m2 uk+qs′m4
× f (εk+qs′ ) − f (εks)
εks − εk+qs′ , (11)
where OΓ =
∑
mm′ OΓmm′ f
†
im fim′ and O
Γ
mm′ is the normalized 4×4
matrix element of OΓ in Γ8 subspace,3) and χm1m2m3m4 (q) is the
irreducible f electron susceptibility which depends on the dis-
tribution of f states in the bandstructures through the renor-
malized f -c mixing
√
Z f Vim, j`.
Figure 4 (a) shows the q-dependence of χO
Γ
(q) for each
multipole moment with Z f = 1 and ∆ε f = 0 eV correspond-
ing to the DFT band limit as shown in Figs. 1 (e) and (f). The
obtained q-dependence is considerably weak and the explicit
values of χO
Γ
(q) fall within the only small range χO
Γ
(q) =
4 ∼ 5 eV−1 for all multipole moments and wavevectors q.
Among them the Γ(1)4u magnetic multipole σ
z susceptibility,
whereσx andσy are degenerate withσz, is barely large for the
incommensurate wavevector around q = (pi, pi, pi), while the
Γ5g quadrupole Oxy and the Γ2u ocutupole Txyz susceptibilities
4
J. Phys. Soc. Jpn.
Fig. 4. (Color online) The multipole susceptibilities χOΓ (q) as a function
of q along with high symmetry line in the BZ with (a) Z f = 1 & ∆ε f = 0
eV and (b) Z f = 0.01 & ∆ε f = 0.27 eV for several moments of Γ2u octupole
Txyz, Γ5g quadrupole Oxy, Γ
(1)
4u multipole σ
z corresponding to the magnetic
moment, Γ3g quadrupole Ov, Γ
(2)
4u multipole η
z, and Γ5u octupole ζz, where
Q1 = ( pi2 ,
pi
2 , 0) and Q2 = (
pi
2 ,
pi
2 , pi) are the AFM ordering vectors of phase
III. The insets are their enlarged view.
does not become large for the AFQ wavevector q = (pi, pi, pi).
The weak-q dependence of χO
Γ
(q) becomes more notable for
the almost localized f case with Z f = 0.01 and ∆ε f = 0.27
eV as shown in Fig. 4 (b), where σz becomes also maximum
but its wavevector shifts to q = (0, 0, 0) as shown in the inset
of Fig. 4 (b).
In such a situation, the actual value of χO
Γ
(q) becomes
huge, where the extremely narrow Γ8 bands are located in the
very near and just above EF with tiny f -c mixing, and then the
hybridized band εks is highly degenerate for wide-range of
the BZ, giving rise to the sizable enhancement of the Lindhard
function of in Eq. (11). As far as such q-independent χO
Γ
(q),
it is difficult to describe the development of the (pi, pi, pi)-
AFQ mode with (Oyz,Ozx,Oxy) by the perturbation of the f - f
Coulomb interaction such as the random phase approximation
(RPA) and its extensions.
4. RKKY Interaction of CeB6
4.1 Derivation of RKKY Hamiltonian
Here we consider the RKKY interaction between the multi-
pole moments of Γ8 quartet. For this purpose, we eliminate the
f energy-levels but use the f -c mixing of the original Wannier
model. The c bandstructure for the calculation of RKKY cou-
plings is shown in Figs. 5 (a) and (b), which is almost the same
as that of LaB6 as mentioned in Sec. 3 and is compared to the
Fig. 5. (Color online) (a),(b): The c bandstructure of the effective Wannier
model for the RKKY coupling calculation without f components. (c),(d): The
renormalized quasi-particles bandstructure for Z f = 0.01 with f components.
strongly renormalized quasi-particles case with Z f = 0.01 as
shown in Figs. 5 (c) and (d). During the calculation, µ is deter-
mined so as to keep ntot = nc = 21 and T is set to T = 0.005
eV.
The multi-orbital Kondo lattice Hamiltonian for the present
model is given by,
HMKL =
∑
im
ε˜
f
m f
†
im fim +
∑
k``′
hcc``′ (k)c
†
k`
ck`′
+
∑
i
∑
mm′
∑
kk′
∑
``′
Jk`,k
′`′
imm′ f
†
im fim′c
†
k`
ck′`′ , (12)
where m represents 4-states in Γ8 quartet |m〉 = |1〉 ∼ |4〉
with an degenerate energy-level ε˜ fm, which are given with the
Jz-base of J = 5/2 |JM〉 explicitly as, |1〉 = −
√
1
6
∣∣∣+ 32〉 −√
5
6
∣∣∣− 52〉, |2〉 = ∣∣∣+ 12〉, |3〉 = − ∣∣∣− 12〉 and |4〉 = √ 16 ∣∣∣− 32〉 +√
5
6
∣∣∣+ 52〉. Here we note that ε˜ fm = ε fm + ∆ε fm in Eq. (6) for
m = 1 ∼ 4 of Γ8 and is pushed up from the bare f energy-
level ε f
Γ8
due to the DFT Hartree and GGA potentials which
is of the order of a few eV. The c-c matrix element hcc``′ (k)
includes the c orbital energy εc
k`
for ` = `′ and the c-c hop-
ping tcc``′ (k) for ` , `
′. The second term is rewritten by the c
band eigenstate cks =
∑
`
ucks`ck` with the eigenenergy εks
and eigenvector uc
ks`.
The Kondo coupling Jk`,k
′`′
imm′ in the third term consists of the
f 0- and f 2-intermediate process. In this paper, we take sim-
ple two assumptions for Jk`,k
′`′
imm′ ; (1) only f
0-process is con-
sidered and the contribution of f 2-process is same as that of
f 0-process and, (2) the scattered c orbital energies are fixed to
µ, namely εc
k`
, εc
k′`′ −→ µ. Then the Kondo coupling Jk`,k
′`′
imm′
5
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can be written by the following simple form,
Jk`,k
′`′
imm′ =
2
N
Vkm`V∗k′m′`′
µ − ε f
Γ8
e−i(k−k
′)·Ri (13)
where the prefactor 2 comes from the assumption (1) and
Vkm` is the k-represented f -c mixing element in Eq. (2).
The RKKY Hamiltonian can be obtained from the second-
order perturbation w. r. t. the third term of HMKL together with
the thermal average for the c states. The final form is given by,
HRKKY =−
∑
〈i j〉
∑
m1m2
∑
m3m4
Km1m2m3m4 (Ri j) f
†
im1
fim2 f
†
jm4
f jm3 , (14)
Km1m2m3m4 (Ri j) =
1
N
∑
q
Km1m2m3m4 (q) e
iq·(Ri−R j), (15)
where Km1m2m3m4 (Ri j) is the RKKY coupling between the
states {m1,m2} at the unit-cell Ri and the states {m3,m4} at
R j and 〈i j〉 represents a summation for the intercell vectors
Ri j = Ri −R j. The key quantity Km1m2m3m4 (q) is given by,
Km1m2m3m4 (q) =
1
N
∑
kss′
∑
`1`2
∑
`3`4
V∗km3`3 Vkm1`1 V
∗
k+qm2`2
Vk+qm4`4
(µ − ε f
Γ8
)2
× uc∗ks`3 ucks`1 uc∗k+qs′`2 uck+qs′`4
f (εk+qs′ ) − f (εks)
εks − εk+qs′ , (16)
which consists of a square of the energy denominator (µ −
ε
f
Γ8
)−2, 4-producted f -c mixings and the c band eigenvectors,
and the Lindhard function with εks. Thus it has 44 = 256
components of f -basis {m1,m2,m3,m4} for each q, and has to
be summed for the c orbitals {`1, `2, `3, `4} (604) and the band-
indexes {s, s′} (602). Then we introduce a f -c mixing matrix
vmm
′
ks between {m,m′} via the c band state with k, s as follows,
vmm
′
ks =
∑
``′
V∗km`Vkm′`′u
c∗
ks`u
c
ks`′ , (17)
which includes whole information about the f state scattering
between {m,m′} through the c state with k, s, and has only
42 = 16 components of {m,m′} for each k, s with a summation
for {`, `′} (602). Hence once we calculate vmm′
ks , Km1m2m3m4 (q)
can be easily obtained by the following compact form,
Km1m2m3m4 (q) =
1
N
∑
kss′
vm3m1
ks v
m2m4
k+qs′
(µ − ε f
Γ8
)2
f (εk+qs′ ) − f (εks)
εks − εk+qs′ . (18)
This expression helps us calculate all the contributions of the
60 c electron charge and/or orbital fluctuations to the RKKY
multipole couplings.
In order to search the actual multipole ordering, we employ
the mean-field (MF) approximation w. r. t. the multipole op-
erator OΓ, resulting in the MF Hamiltonian as follows,
HMFRKKY = −
∑
q
∑
Γ
KOΓ (q)OΓ(q)OΓ(−q), (19)
where the multipole coupling KOΓ (q) = KOΓ (q) − KlocOΓ and
KOΓ (q) and the MF order parameter OΓ(q) are given by,
KOΓ (q) =
∑
m1m2
∑
m3m4
OΓm1m2 O
Γ
m4m3 Km1m2m3m4 (q), (20)
OΓ(q) =
1
N
∑
i
OΓ(Ri)eiq·Ri , (21)
rank IRR multipole wavevector value [meV] ratio
1 Γ5g (Oyz,Ozx,Oxy) (pi, pi, pi) 17.26 1.00
2 Γ2u Txyz (pi, pi, pi) 16.56 0.96
3 Γ5u
ζ x
ζy
ζz
(pi, 0, 0)
(0, pi, 0)
(0, 0, pi)
14.48 0.84
4 Γ3g
Oy2−z2
Oz2−x2
Ox2−y2
(pi, 0, 0)
(0, pi, 0)
(0, 0, pi)
14.08 0.82
5 Γ2u Txyz (0, 0, 0) 12.43 0.72
6 Γ5g (Oyz,Ozx,Oxy) (0, 0, 0) 11.69 0.68
7 Γ(1)4u
σx
σy
σz
(0, pi, 0), (0, 0, pi)
(0, 0, pi), (pi, 0, 0)
(pi, 0, 0), (0, pi, 0)
8.41 0.49
8 Γ(1)4u
σx
σy
σz
(pi, 0, 0)
(0, pi, 0)
(0, 0, pi)
8.11 0.47
9 Γ(2)4u
ηx
ηy
ηz
(0, pi, 0), (0, 0, pi)
(0, 0, pi), (pi, 0, 0)
(pi, 0, 0), (0, pi, 0)
7.87 0.46
10 Γ3g
O3x2−r2
O3y2−r2
O3z2−r2
(0, pi, 0), (0, 0, pi)
(0, 0, pi), (pi, 0, 0)
(pi, 0, 0), (0, pi, 0)
7.78 0.45
Table II. The obtained possible multipole modes upto the 10th largest cou-
pling together with the corresponding moment types, wavevectors, maximum
values and ratios to the largest value of Γ5g-(pi, pi, pi), where the Γ3g moments
Oy2−z2 , Oz2−x2 , O3x2−r2 and O3y2−r2 are described by the linear combinations
of Ou(= O3z2−r2 ) and Ov(= Ox2−y2 ).
where KlocOΓ = (1/N)
∑
q KOΓ (q) and OΓ(Ri) is MF multipole
order parameter defined at the unit-cell vector Ri. Then the
MF multipole susceptibility χMFOΓ (q) is written by,
χMFOΓ (q) =
χOΓ (q)
1 − χOΓ (q)KOΓ (q)
, (22)
which is enhanced towards the multipole ordering instability
for the ordering moment OΓ and wavevector q, and finally di-
verges at a critical point of the multipole ordering transition
temperature T = TOΓ where χOΓ (q)KOΓ (q) reaches unity. The
q-dependence of χOΓ (q) is weak as shown in Sec. 3, and then
the sign and maximum value of KOΓ (q) determines the multi-
pole ordering moment and wavevector for any given T . Here-
after we set µ − ε f
Γ8
= 1 eV for simplicity, since this factor is
independent of q and m, and hence does no affect the ordering
type and wavevector, whose effect is discussed in Sec. 5.
4.2 q-dependence of RKKY coupling KOΓ (q)
The obtained RKKY multipole couplings KOΓ (q) for sev-
eral multipole moments along the high symmetry line in the
BZ are plotted as shown in Figs. 6 (a)-(d), where the positive
(negative) coupling for a certain multipole OΓ and wavevector
q enhances (suppresses) the corresponding multipole fluctua-
tion as explained in Eq. (22), and its positive maximum value
gives a leading multipole ordering mode. The obtained results
for the leading multipole ordering modes upto the 10th largest
coupling are summarized in Table II.
The couplings of the Γ5g quadrupoles (Oyz,Ozx,Oxy) for
q = (pi, pi, pi) become largest among all moments and q, which
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Fig. 6. (Color online) (a)-(b): The q-dependence of the RKKY multipole coupling KOΓ (q) for (a) the multipole moments of the typical irreducible repre-
sentations. The individual terms for (b) Γ2u octupole Txyz, Γ3g quadrupoles Ou,Ov, (c) Γ4u multipoles (σx, σy, σz) and (ηx, ηy, ηz) and, (d) Γ5g quadrupoles
(Oyz,Ozx,Oxy) and Γ5u octupoles (ζx, ζy, ζz). Q1 = ( pi2 ,
pi
2 , 0) and Q2 = (
pi
2 ,
pi
2 , pi) are the AFM ordering vectors of phase III.
perfectly corresponds to the AFQ ordering of CeB6. In ad-
dition, Γ2u ocutupole Txyz coupling is quite large and com-
parable to the Γ5g quadrupoles with the same wavevector as
shown in Fig. 6 (a) but slightly small within the present cal-
culation accuracy as shown in Table II, which seems to be
the same value from the previous discussions36, 37) where Oxy
and Txyz have almost same matrix elements and yield the
similar fluctuations in phase I. Furthermore the quadupoles
(Oyz,Ozx,Oxy) and octupole Txyz couplings also take a sub-
stantial peak for q = (0, 0, 0) as shown in Figs. 6 (a) and (d)
and correspond to the elastic softening of C44.15–18)
The next largest coupling is the Γ5u octupole ζ x at q =
(pi, 0, 0) [Figs. 6 (a) & (d)] which is degenerate for ζy [ζz]
octupole at q = (0, pi, 0) [(0, 0, pi)] due to the cubic symmetry.
The role of the Γ5u octupoles (ζ x, ζy, ζz) is also discussed for
the phase IV observed in the La-doping system CexLa1−xB6
with x < 0.8,60–66) where the q = (pi, pi, pi) antiferro-octupolar
(AFO) ordering of (ζ x+ζy+ζz)/
√
3 is considered to be a possi-
ble mode. In contrast, the present theory suggests the Γ5u AFO
with the domained structure of ζ x, ζy and ζz for q = (pi, 0, 0),
(0, pi, 0) and (0, 0, pi), respectively, and this point will be dis-
cussed in the next subsection.
In addition to this, the Γ3g quadrupole Ov = Ox2−y2 cou-
pling is quite large for q = (0, 0, pi) (not shown) and becomes
similar value of the octupole coupling ζz as shown in Table
II, which is also degenerate for the rotated moments to the
each principle-axis Oy2−z2 and Oz2−x2 . This is namely the Γ3g-
AFQ mode where the moment directions and wavevectors
are perpendicular such as the multipole moments of Oy2−z2 ,
Oz2−x2 and Ox2−y2 with the corresponding wavevectors for
q = (pi, 0, 0), (0, pi, 0) and (0, 0, pi) respectively.
The Γ4u magnetic multipole couplings of (σx, σy, σz) and
(ηx, ηy, ηz) are plotted in Fig. 4 (d) and their maximum val-
ues in q-space are smaller than that of the quadrupole and
octupole couplings as shown in Table II, where the Γ4u max-
imum peak values are less than half of the first leading peak
value of the Γ5g-(pi, pi, pi). At the AFM ordering vectors for
phase III, Q1 and Q2, the couplings of the magnetic multi-
poles (σx, σy, σz) have small peaks as shown in Fig. 4 (e) and
they shall be enhanced and dominant only when the system
enters into phase II, which is not discussed in the present pa-
per.
As usually discussed in the itinerant f electron picture with
the multi-orbital Hubbard model,67–69) the weak coupling the-
ory like the RPA and its extensions yields largely enhanced
magnetic multipole (spin) fluctuations which become always
larger than the nonmagnetic multipole (orbital) fluctuations
like Γ5g multipoles here. As for CeB6, the f electron itself
is already localized at each Ce site and the remained mag-
netic and nonmagnetic multipole moments interact with the
RKKY intersite couplings, where the magnetic multipole cou-
pling does not necessarily dominate over the nonmagnetic
one, since the dominant RKKY coupling is determined by the
detail of the f -c mixing and the meditating c electron charge
and/or orbital fluctuations.
Here we note the c electron charge and orbital fluctuations
and their contribution to the coupling KOΓ (q). By changing
summation for the c orbital-set in Eq. (16) and the band-index
in Eq. (18), we have obtained that both effects of the Ce-
deg orbitals of dx2−y2 and d3z2−r2 distributed in the 21st and
23rd bands and the charge fluctuation of B6-molecule hav-
ing a maximum at q = (pi, pi, pi) and large values along R-M
line play significant roles for the Γ5g AFQ mode. In particular,
we observe a non-negligible contribution from the 23rd band
which does not have FS but is very close to EF along the Γ-M
direction as shown in Fig. 5 (b). The explicit results and fur-
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ther analysis of such c electron contributions to the multipole
couplings will be presented in elsewhere.
4.3 Ri j-dependence of RKKY coupling KOΓ (Ri j)
In general, the RKKY interaction is known to have long-
range and oscillating features discussed in the early stud-
ies.45, 46) For the multipole ordering of CeB6, however, the
coupling is limited only in the nearest neighbor terms in the
previous studies.32–39) In contrast, the present formalism pro-
vides the real space dependent couplings KOΓ (Ri j) which is
explicitly written as
KOΓ (Ri j) =
∑
m1m2
∑
m3m4
OΓm1m2 O
Γ
m4m3 Km1m2m3m4 (Ri j), (23)
where Km1m2m3m4 (Ri j) is given in Eq. (15).
Figure 7 shows the site-dependence of the RKKY multi-
pole couplings KOΓ (Ri j) with the intersite vectorRi j upto 20-
th neighbor sites as shown in Table III, where the positive
(negative) sign corresponds to the ferro (antiffero) coupling
for each neighboring site.
As shown in Fig. 7 (a), the Γ(1)4u magnetic multipole
(σx, σy, σz) couplings exhibit several sign changes with a few
site-intervals and degeneracy due to the symmetry of para-
magnetic phase for all n-th neighbors, where σx, σy and σz
corresponds to the x, y- and z-moment direction respectively.
We also confirm that a monopole operator I defined as a unit
matrix for Γ8-basis is also degenerate with (σx, σy, σz) pos-
sessing the same oscillating feature. The couplings of I and
(σx, σy, σz) are isotropic, where for example they have the
same value for 6 first neighbor sitesRi j = (±a, 0, 0), (0,±a, 0)
and (0,±a, 0).
The Γ5g and Γ2u multipoles couplings which gives the lead-
ing AFQ mode show staggered and isotropic behaviors, where
the first, second and third neighbor couplings show positive,
negative and positive signs respectively as shown in Figs. 7 (b)
[Txyz] and (c) [(Oyz,Ozx,Oxy)], which clearly enhance cooper-
atively the antiferro ordering. In particular, the second neigh-
bor coupling becomes largest with positive sign, which also
enhances the AFQ mode as a main driving force.
On the other hands, the main origin of the (pi, 0, 0)-AFO
with Γ5u octupole ζ x is the anisotropic first neighbor cou-
plings as shown in Fig. 5 (e), where the coupling of which
the intersite vector and moment direction are parallel (per-
pendicular) each other has negative (positive) sign such as
Kx5u(Rx) < 0 and K
y
5u(Rx), K
z
5u(Rx) > 0 for Rx = (a, 0, 0),
which yields Kx5u(Ry), K
x
5u(Rz) > 0 for the perpendicular
first neighbors Ry = (0, a, 0) and Rz = (0, 0, a), resulting
in the enhancement of the q = (pi, 0, 0) mode by Kx5u(q) =
2Kx5u(Rx) cos qx + 2K
x
5u(Ry) cos qy + 2K
x
5u(Rz) cos qz.
With this matter in mind, we might be able to explain the
doping phase diagram of CexLa1−xB6, where the doping ef-
fect is simply treated by the reduction of the multipole cou-
pling depending the coordination number for each site, since
a La-substituted site has no multipole moment. Consequently,
the first leading (pi, pi, pi)-AFQ mode in x = 1 decreases
with decreasing x more rapidly than the second (pi, 0, 0)-AFO
mode due to the difference of the coordination numbers : 6
first neighbors and 12 second neighbors for (pi, pi, pi), while
2 parallel first neighbors and 4 perpendicular first neighbors
and so on for (pi, 0, 0). This turnover of the dominant mode
may be consistent with the recent inelastic neutron scatter-
ing (INS) experiments in the La-doping system25) where the
q = (pi, 0, 0) intensity is developed and becomes dominant
mode for x < 0.8.
As well as the Γ5u couplings, the Γ3g quadrupoles (Ou,Ov)
and Γ(2)4u multipole (η
x, ηy, ηz) couplings exhibit the anisotropic
behavior as shown in Figs. 7 (b) and (d). The obtained re-
sults of such long-range, oscillating, isotropic or anisotropic
behaviors depending on the multipole moments seem to be
worthwhile to study from now on.
5. Summary and Discussion
In summary, we study the electronic states of CeB6 and
perform a direct calculation of the RKKY interaction based
on the 74-orbital effective Wannier model derived from the
bandstructure calculation and obtain the following results.
(1) When the f - f hopping and f -c mixing of the Wannier
model are suppressed by the renormalization factor Z f based
on the FL theory, the quasi-particle band states are observed
where the fully dispersionless f bands slightly hybridize with
the wide-bandwidth c bands, which is almost the same as the
GGA+U-band of LaB6 having a single ellipsoidal FS cen-
tered at X point. This is in good agreement with the recent
ARPES28–31) and early dHvA experiments26, 27) and strongly
supports the localized f electron picture for CeB6.
(2) By using the LaB6-like c band states together with the
f -c mixing elements of the CeB6 Wannier model, we calcu-
late the RKKY couplings for all active multipole moments in
Γ8 subspace explicitly as functions of wavevector q and inter-
cell vector Ri j, where we derive a useful expression in order
to treat all 60 c-orbital contributions.
(3) The couplings of the Γ5g quadrupole (Oyz,Ozx,Oxy) to-
gether with the Γ2u octupole Txyz are highly enhanced for q =
(pi, pi, pi) as the 1st and 2nd leading modes, and q = (0, 0, 0)
as the 5th and 6th leading modes, where the former explains
the AFQ ordering of the phase II and the latter corresponds
to the elastic softening of C44. The 3rd (4th) leading mode is
the Γ5u-AFO (Γ3g-AFQ) of ζ x, ζy and ζz (Oy2−z2 , Oz2−x2 and
Ox2−y2 ) with the corresponding wavevectors for q = (pi, 0, 0),
(0, pi, 0) and (0, 0, pi) respectively, which are almost degener-
ate each other and differ from the discussed AFO-mode with
(ζ x + ζy + ζz)/
√
3 at q = (pi, pi, pi).60–66)
(4) All the obtained RKKY couplings have long-range
and oscillating behavior as a function of Ri j, where the Γ5g
quadrupole (Oyz,Ozx,Oxy) and Γ2u octupole Txyz couplings in-
dicate the sign-reversing for each neighboring site and have
a positive largest value at the second neighbor which coop-
eratively enhances the AFQ with q = (pi, pi, pi), while for the
second leading Γ5u AFO mode, the anisotropic first neighbor
couplings are significant. This induces the leading mode shift
with increasing the La-substitution rate x in CexLa1−xB6 from
the (pi, pi, pi)-AFQ with Oxy (phase II) to the (pi, 0, 0)-AFO with
ζ x (phase IV) which may be also consistent with the (pi, 0, 0)
peak in the INS data.25)
(5) The present approach can determine the possible type
of the multipole moment and the ordering vector q definitely
once the c band states and f -c mixings are given by the band-
structure calculation, which enables us to discuss the inherent
feature and the concrete situation of actual compounds such
as the changes of FSs, carrier densities, lattice constants and
internal coordinates of atoms.
In this study, we take only the f 0-process and assume that
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Fig. 7. (Color online) The n-neighbor intersite vector Ri j-dependence of the RKKY multipole coupling
KOΓ (Ri j) for (a) Γ
(1)
4u multipoles (σ
x, σy, σz) (magnetic moments), (b) Γ2u octupole Txyz and Γ3g quadrupoles
(Ou,Ov), (c) Γ5g quadrupoles (Oyz,Ozx,Oxy), (d) Γ
(2)
4u multipoles (η
x, ηy, ηz), and (e) Γ5u octupoles (ζx, ζy, ζz),
where the ferro (antiferro) coupling corresponds to the positive (negative) sign. (f) The first (red), second
(green) and third (blue) neighbor intersite vectors between Ce-atoms in CeB6.
n-th (n1, n2, n3) |Ri j|/a
1 (1,0,0) 1
2 (1,1,0)
√
2
3 (1,1,1)
√
3
4 (2,0,0)
√
4
5 (2,1,0)
√
5
6 (2,1,1)
√
6
7 (2,2,0)
√
8
8 (2,2,1)
√
9
9 (3,0,0)
√
9
10 (3,1,0)
√
10
11 (3,1,1)
√
11
12 (2,2,2)
√
12
13 (3,2,0)
√
13
14 (3,2,1)
√
14
15 (4,0,0)
√
16
16 (4,1,0)
√
17
17 (3,2,2)
√
17
18 (4,1,1)
√
18
19 (3,3,0)
√
18
20 (3,3,1)
√
19
Table III. The n-th neighbor sites and dis-
tances for the intersite vectors between Ce-
Ce Ri j = a
(
n1ex + n2ey + n3ez
)
where
{ex,ey,ez} are unit vectors along x, y, z-
direction.
the contribution from f 2-process is the same as that of f 0,
since the f 0-process is fully one-body effect and directly ob-
tained from the DFT-bandstructure calculation. As mentioned
in Sec. 4, we take µ − ε f
Γ8
= 1 eV, but the excitation en-
ergy from the f 1-stable to f 0-intermediate states in CeB6 is
roughly estimated by µ − ε f
Γ8
= 2 ∼ 4 eV,29, 31) so that our
results of KOΓ obtained in Sec. 4 should be multiplied by a
single reduction factor 14 ∼ 116 , which yields the same order of
the actual transition temperature of CeB6 as a few K, for ex-
ample, the inter-quadrupole coupling value K′
Γ5g
= 2.1 K.17)
The explicit determination of the couplings and the transi-
tion temperatures needs the many-body energy difference be-
tween the ground and intermediate f 0 and f 2 states, where to
what extent the many-body effect from the f 2 and more mul-
tiple f processes changes the present result is an important
question elucidating the multipole ordering system with dif-
ferent valence materials such as PrB6 and NdB6. The explicit
calculation of the coupling including the f 2-process and/or
more many-body contribution, and the whole phase diagram
in T -H plane will be presented in the subsequent paper.
As a complementary approach to the present localized f
electron treatment, the dynamical mean field theory70) en-
abling to take account of the full local correlation effect and
its extensions71) including the intersite correlation could be
valid for directly describing the fully localized f states start-
ing from the itinerant f states and their multiple ordering
phenomena including superconductivity.72) The application of
such many-body theory to the realistic materials and their
comparison with present theory are also the essential future
problems.
We would like to thank Y. O¯no and Y. Iizuka for valuable
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